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ITERATED HARDY-TYPE INEQUALITIES INVOLVING SUPREMA 


AMIRAN GOGATISHVILI AND RZA MUSTAFAYEV 


Abstract. In this paper the complete solution of the restricted inequalities for supremal operators are 
given. The boundedness of the composition of supremal operators with the Hardy and Copson operators in 
weighted Lebesgue spaces are characterized. 


1. Introduction 


Throughout the paper we assume that 7 := ( a , b) c (0, oo). By 9J1(7) we denote the set of all measurable 
functions on 7. The symbol 9Jf + (7) stands for the collection of all / e 9Ji(7) which are non-negative on 
7, while 2R + (7; J,) and s I>{ + (7; f) are used to denote the subset of those functions which are non-increasing 
and non-decreasing on 7, respectively. When 7 = (0, oo), we write simply illi 1 and iUt 1 instead of 3)V (I: j) 
and 9J{ + (7; f), accordingly. The family of all weight functions (also called just weights) on 7, that is, 
locally integrable non-negative functions on (0, oo), is given by TV(7). 

For p e (0, oo] and w e 9Jf + (7), we define the functional || • \\ PtW j on 211(7) by 


\p,w,I ■ 


(. fj\f(x)\ p w(x ) dx) l/l 
ess sup j \f(x)\w(x) 


if p < oo 

if p = oo. 


If, in addition, w e W(7), then the weighted Lebesgue space L p (w, 7) is given by 


L p (w, 7) = {/ € 2ft(7) : \\f\\ PtWj < oo} 
and it is equipped with the quasi-norm || • \\ PjW j. 

When w = 1 on 7, we write simply 77(7) and || • \\ pI instead of 77(w, 7) and || • \\ PyW j, respectively. 
Given a operator T : Kl + — > Tli + , for 0 < p < oo and u e s Hf + , denote by 

T u (g) := T(gu), gear. 


Suppose / be a measurable a.e. finite function on R". Then its non-increasing rearrangement f* is 
given by 

fit) = inf {/I > 0 : |{jc e R" : \f(x)\ > A}\ <t}, te (0, oo), 
and let f** denotes the Hardy-Littlewood maximal function of /, i.e. 

/”(*):= 7 f f(r)dr, t > 0. 

* Jo 

Quite many familiar function spaces can be defined using the non-increasing rearrangement of a function. 
One of the most important classes of such spaces are the so-called classical Lorentz spaces. 

Let p 6 (0, oo) and w e TV. Then the classical Lorentz spaces A'Yh-) and T p (w) consist of all functions 
/ G 9Ji for which ||/|| AP ( W ) < oo and H/Hp’O) < respectively. Here it is 

II/IIa^w) := ll/*llp,w,(o,oo) and ll/llrp(w) •= ll/**llp,w,( 0 ,oo). 

For more information about the Lorentz A and T see e.g. [ ] and the references therein. 
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The Hardy and Copson operators are defined by 


and 


Hg(t) : = 


:= 


I 

I 


g(s) ds, 


g(s)ds, 


g 


e ar 


g 


ear 


respectively. The operators H and H* play a prominent role. There are other operators that are also of 
interest. For example, certain specific problems such as the description of the behaviour of the fractional 
maximal operator on classical Lorentz spaces [ 6 ] or the optimal pairing problem for Sobolev imbeddings 
[ ] or various questions arising in the interpolation theory can be handles in an elegant way with the 

help of the supremal operators 


Sg(t) := ess supg(r), g £ s Dl + , 

0 <T<t 

and 

S*g(t ) := ess supg(r), g £ SR + . 

t<T< OO 

In this paper, we give complete characterization of restricted inequalities 


(1.1) 

IIS,X/)IU( 0 ,CO) < eWfWp.v.&.cc), f e art- 1 , 

(1.2) 

l|S«(/)IU(0,oo) < dl/IU(0.oc), / e a>t T 

and 


(1-3) 

115;,(/)IU( 0 , 00 ) < cll/IU^oo), / e 9J1 t , 

(1.4) 

115 :(/)!!,, w,(0,00) < c||/|| AVj(0>OO ), / e 


Note that inequality (1.1) was characterized in [ ]. It should be mentioned here that it was done under 

some additional condition on weight function u, when q < p (cf. [14, Theorem 3.4]). 

In particular, we characterize the validity of the iterated Hardy-type inequalities involving suprema 


(1.5) 

and 




q,w,( 0,oo) 


ll^ll/7,v,(0,oo)? 


(1.6) 


h 


< c 


ll/?,V,(0,Oo)? 


g,w,(0,°o) 

where 0<q<oo,\<p<oo,u, w and v are weight functions on (0, oo). 
It is worth to mentoin that the characterizations of ’’dual” inequalities 


(1.7) 
and 

(1.8) 


if 


h 


< c 


q,w,( 0,oo) 


< C 


I l/?,V,(0,Oo) ? 


llp,V,(0,Oo)!> 




can be easily obtained from the solutions of inequalities (1.5)- (1.6), respectively, by change of variables. 
Note that inequality (1.8) has been characterized in [ ] in the case 0 < q < oo, 1 < p < oo. 

We pronounce that the characterizations of inequalities (1.5) - (1.8) are important because many in¬ 
equalities for classical operators can be reduced to them (for illustrations of this important fact, see, for 
instance, [ ]). These inequalities play an important role in the theory of Morrey spaces and other topics 

(see [1], [2] and [3]). 
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The fractional maximal operator, M y , y £ (0, n), is defined at f £ L | l oc (R") by 

(M y /)(Y) = sup|er- 1 f \f(y)\dy, x £ R", 

Q3X Jq 

where the supremum is extended over all cubes Q c R" with sides parallel to the coordinate axes. It was 
shown in [6, Theorem 1.1] that 

(1.9) (M y /m < sup r^- 1 f f*(y) dy < (M r f)*(t), 

t<T< OO J 0 

for every / e L 1 1 oc (R' ! ) and t £ (0, oo), where f (x) = f*(to n \x\ n ) and a>„ is the volume of S" -1 . Thus, 
in order to characterize boundedness of the fractional maximal operator M y between classical Lorentz 
spaces it is necessary and sufficient to characterize the validity of the weighted inequality 

<? \i/<? / r°° \i Ip 

w(t) dtj < [ J [<^(0F V (0 dtj 

for all i f £ This last estimate can be interpreted as a restricted weighted inequality for the operator 
T y , defined by 

(1.10) ( Tyg)(t)= sup T y,n ~ l f g(y)dy, g £ $R + (0, oo), t£(0,co). 

t<T<O0 J 0 

Such a characterization was obtained in [6] for the particular case when 1 < p < q < oo and in [ 8, 
Theorem 2.10] in the case of more general operators and for extended range of p and q. Full proofs and 
some further extensions and applications can be found in [9], [10]. 

The operator T y is a typical example of what is called a Hardy-operator involving suprema 

(T u g)(t) := sup — f g(y)dy, 

t<s< oo S Jq 


(r [sup r y/n ~ i f 

' J 0 L f<r<oo J () 


(f(y) dy 


which combines both the operations (integration and taking the supremum). 

In the above-mentioned applications, it is required to characterize a restricted weighted inequality for 
T u . This amounts to finding a necessary and sufficient condition on a triple of weights (w, v, w) such that 
the inequality 

\q \i/? / r°° \i Ip 

sup u(s)f*\s)\ w(t)dt\ < I f*(t) p v(t)dt ) 

t<S <OO ' r \ J 0 ' 

holds. Particular examples of such inequalities were studied in [6] and, in a more systematic way, in [ ]. 

Inequality (1.11) was investigated in [ 15 ] in the case when 0 < p < 1. The approach used in this paper 
was based on a new type reduction theorem which showed connection between three types of restricted 
weighted inequalities. 

Rather interestingly, such operators have been recently encountered in various research projects. They 
have been found indispensable in the search for optimal pairs of rearrangement-invariant norms for wich 
a Sobolev-type inequality holds (cf. [ ]). They constitute a very useful tool for characterization of the 

assocaiate norm of an operator-induced norm, which naturally appears as an optimal domain norm in a 
Sobolev embedding (cf. [ 9 ], [ ]). Supremum operators are also very useful in limitimg interpolation 

theory as can be seen from their appearance for example in [ ], [8], [7], [ ]. 



Definition 1.1. Let u £ TV(0, oo) n C(0, oo), b £ 0, oo) and B(t) := £ b(s ) ds. Assume that b be such 

that 0 < B(t) < oo for every t £ (0, oo). The operator T u b is defined at g £ s JJ{ + (0, oo) by 


(T u ,bg)(t) 


sup 

t<T< OO 


«(t) 



g(s)b(s) ds. 


t £ (0, oo). 
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The operator T y , defined in (1.10), is a particular example of operators T u j,. These operators are 
investigated in [ 14 ] and [ 15 ]. 

In this paper we give complete characterization for the inequality 
(1.12) II WIU( 0 ,oo) < cll/IUto.co), / 6 9W A (0, OO) 

for 0<q<oo,0<p<oo (see Theorems 5.1 and 5.5). 

Inequality (1.12) was characterized in [ , Theorem 3.5] under additional condition 


u(t) f' b(T) 


sup 

0 <f<oo B(t ) Jo w(t) 


f 


dr < oo. 


Note that the case when O<P<I<< 7<00 was not considered in [ ]. It is also worse to mention 

that in the case when \ < p < oo, 0 < q < p < oo, q ± \ [14, Theorem 3.5] contains only discrete 
condition. In [ ] the new reduction theorem was obtained when 0 < p < 1, and this technique allowed 

to characterize inequality (1.12) when b = 1, and in the case when 0 < q < p < 1 this paper contains 
only discrete condition. 

The paper is organized as follows. Section 2 contains some preliminaries along with the standard 
ingredients used in the proofs. Full characterization of inequalities (1.1) - (1.4) and (1.5) - (1.7) are given 
in Sections 3 and 4. Finally, solution of inequality (1.12) are obtained in Section 5. 


2. Notations and Preliminaries 


Throughout the paper, we always denote by c or C a positive constant, which is independent of main 
parameters but it may vary from line to line. However a constant with subscript such as c\ does not 
change in different occurrences. By a < b, (b > a) we mean that a < Ab, where A > 0 depends on 
inessential parameters. If a < b and b < a, we write a ~ b and say that a and b are equivalent. We will 
denote by 1 the function l(x) = 1, x e (0, oo). Unless a special remark is made, the differential element 
dx is omitted when the integrals under consideration are the Lebesgue integrals. Everywhere in the paper, 
u, v and w are weights. 

We need the following notations: 

W):=X'v, V,(t):=fv, 

W(t) := f 0 ‘w, WAD := J/‘ iv. 

Convention 2.1. We adopt the following conventions: 

(i) Throughout the paper we put 0 • oo = 0, oo/oo = 0 and 0/0 = 0. 

(ii) If p e [l,+oo], we define p' by 1 /p + l/p' = 1. 

(iii) If 0 < q < p < oo, we define r by 1 /r = \/q - \ /p. 

(iv) If I = (a, b) c R and g is monotone function on I, then by g{a) and g{b) we mean the limits 
lim t _ >Q+ g(x) and lim A ^/,_ g(x), respectively. 

We recall some reduction theorems for positive monotone operators from [16] and [ 3]. The following 
conditions will be used below: 

(i) T(Af ) = ATf for all T > 0 and / e TIE; 

(ii) Tf(x) < cTg(x) for almost all x € R+ if f(x) < g(x) for almost all x e R + , with constant c > 0 
independent of / and g; 

(iii) T{f + Al) < c(T f + ATX) for all / € 9Jl + and A > 0, with a constant c > 0 independent of / and A. 

Theorem 2.2 ([16], Theorem 3.1). Let 0 < q < oo and 1 < p < oo, and let T : 9J1 + —» 931 + be an operator. 
Then the inequality 

(2.1) IT/IU(o,oo) < cll/IU^oo), / e 9^(0, oo) 

implies the inequality 


( 2 . 2 ) 


<?,w,(0,oo) 


— C\\h\\ p yp v x p ^ 0,oo)? 


h e 9JT(0, oo). 
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IfV(oo) = oo and ifT is an operator satisfying conditions (i)-(ii), then the condition (2.2) is sufficient for 
inequality (2.1) to hold on the cone 9J(' L . Further, ifO < V(oo) < oo, then a sufficient condition for (2.1) to 
hold on is that both (2.2) and 

(2.3) liri|| 9 , w> ( 0 ,oo) ^ c||l|lp,v,(0,oo) 

hold in the case when T satisfies the conditions (i)-(iii). 


Theorem 2.3 ([16], Theorem 3.2). Let 0 < q < oo and 1 < p < oo, and let T : 9Jt + —» 9tft + satisfies 
conditions (i) and (ii). Then a sufficient condition for inequality (2.1) to hold is that 


(2.4) 



— ll^ll/;,v 1_ A(0,oo)? 


h g 2)i + (0, oo). 


Moreover, (2.1) is necessary for (2.4) to hold if conditions (i)-(iii) are all satisfied. 


Theorem 2.4 ([16], Theorem 3.3). Let 0 < q < oo and 1 < p < oo, and let T : 9Jt + —» 9Jt + be an operator 
Then the inequality 

(2.5) |jr/|| w( 0 ,oo) < c||/iu (0 ,oo), / e 9Ji T (0, oo) 


implies the inequality 

( 2 . 6 ) 


g,w,(0,oo) 




h G 9Ji + (0, oo). 


IfVJO) = oo and ifT is an operator satisfying the conditions (i)-(ii), then the condition (2.6) is sufficient 
for inequality (2.5) to hold. IfO < VJO) < oo and T is an operator satisfying the conditions (i)-(iii), then 
(2.5) follows from (2.6) and (2.3). 


Theorem 2.5 ([ 16 ], Theorem 3.4). Let 0 < q < oo and 1 < p < oo, and let T : 9Ji + —> 9.1c 1 satisfies 
conditions (i) and (ii). Then a sufficient condition for inequality (2.5) to hold is that 

< c||/j||p iV i-p )(0 ,oo), h G 9Ji + (0, oo). 

... , , _ _ ^,W,(0,CX5) 

Moreover, (2.5) is necessary for (2.7) to hold if conditions (i)-(iii) are all satisfied. 


(2.7) 


V:(x) 


f 


hV, 


Theorem 2.6. [13, Theorem 3.1] Let 0 < q < oo, \ < p < oo, and let T : s Dl + —» 9Jc + satisfies conditions 
(i)-(iii). Assume that u , w G AV(0, oo) and v e TV(0, oo) be such that 


( 2 . 8 ) 

Then inequality 

(2.9) 

holds iff 

( 2 . 10 ) 

holds, where 

and 


f v'- p ' 

Jo 


(t) dt < oo for all x > 0. 


<c\ 


l/),V,(0,OO)' 


h g 9jr 


q,w,( 0,oo) 


\\T® 2 f\\q,w,(.0,oo) < P||/llp,0,(O,oo), / 6 9R J ', 

a X , , \-p'/(J>'+ 1 ) 

v l ~ p (t) dtj v l ~ p (a) 

r x / r x , v l/o'+i) 

O(a) = <D[v; p]{x) = J <p{t)dt = [J yl ~ P (0 dtj 
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Theorem 2.7. [ 3 , Theorem 3.11] Let 0 < q < oo, and let T : 9Jc + —» 9J( + satisfies conditions (i)-(iii). 
Assume that u, w e AV{0, oo) and v e AT^O, oo) such that V{x ) < oofor cdl x > 0. Then inequality 


( 2 . 11 ) 

holds iff 

( 2 . 12 ) 


71 | h 


^ c ll^lli,y-‘,(0,oo), h e 9Ji + , 


14 ^( 0 , 00 ) 


11^/11^(0.00) ^ C ll/lll,V,(0,oo), / 6 91/. 


3. SUPREMAL OPERATORS ON THE CONE OF MONOTONE FUNCTIONS 


In this section, we give complete characterization of inequalities (1.1) - (1.4). 
To state the next statements we need the following notations: 


u{t) := sup w(t), u(t) := sup m(t), (t > 0). 

0<T</ t<T«0O 

For a given weight v, 0 < a < b < oo and 1 < p < oo, we denote 

b X 1 Ip' 

when 1 < p < oo 


cr„(a, b) = 


_ [(jW)] 1 -^ 


| ess sup [v(t)] 

a<t<b 


-I 


when p = 1. 


Recall the following theorem. 

Theorem 3.1. [ , Theorems 4.1 and 4.4] Let l<p<oo, 0<q<oo and let u e TV(0, oo) n C(0, oo). 

Assume that v, w £ TV(0, oo) be such that 

0 < V(x) < oo and 0 < W(x) < oo for all x > 0. 

Then inequality (1.8) is satisfied with the best constant c if and only if: 

(i) p < q, and in this case c ~ A h where 

A] := sup [\u] q (x)W{x) + 

x>0 V 


J r*oo 

[u 

X 


[u\ q (t)w{t) dt crJO, x); 


i !q 


(ii) q < p, and in this case c * + B 2 , where 


B i : = 

Bi : = 


oo , r \oo 


[u\ q {t)w{t) dt) [u] q {x) 


r/p 


cr JO, x) 


w(x) dx 


l/r 


W r,p (x) sup u(r)cr p { 0, t) 

X<T< OO 


w{x) dx 


l/r 


Using change of variables x = 1/7, we can easily obtain the following statement. 


Theorem 3.2. Let l < p < oo, 0 < q < oo and let u e AV(0, oo) n C(0, oo). Assume that v, w e TV(0, oo) 
be such that 

0 < V*(a) < oo and 0 < 3T*(a) < oo for all x > 0. 

Then inequality (1.6) is satisfied with the best constant c if and only if: 

(i) p < q, and in this case c ~ A h where 

Ai := sup ([u] q (x)Wfix) + r [u] q (t)w(t) dt 
x>0 V Jo 



(ii) q < p, and in this case c ~ B[ + B 2 , where 


B { : = 
B 2 : = 


lOO . /~»x 


r/p 

[u] q (t)w(t) dt I [u] q (x) 


0 x JO 

w: ip (x ) 


crJx, oo) 


A/r 

w(x)dx I , 


sup u(t)ct p (t, oo) 

L0<T<X 


\ l/r 

w(x)dx\ . 
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Proof. Obviously, inequality (1.6) is satisfied with the best constant c if and only if 


(3.1) 

holds, where 




< c 


g,vv,(0,oo) 


llp,v,(0,oo) 


, h e 9T 


uit) = u[ - ), w(t) = w\ - )^, v(t) = v( y . t > 0. 


1)1 

tlt 2 


Using Theorem 3.1, and then applying substitution of variables mentioned above three times, we get the 
statement. □ 

Theorem 3.3. Let 0 < p, q < oo and let u e TV(0, oo) n C(0, oo). Assume that v, w e TV(0, oo) be such 
that 0 < Vfx) < co and 0 < Wfix) < oo for all x > 0. Then inequality (1.1) is satisfied with the best 
constant c if and only if: 

(i) p < q, and in this case c ~ A { + 115 M (l)| |^, w , (0 ,oo)/1111ls, v ,( 0 ,oo> where 

/ C x \ 1/q 

A { := sup l\u\ q (x)W*(x) + I [u] q (t)w{t)dt\ V~ l/p (x); 
x>0 ' J 0' 

(ii) q < p, and in this case c « B { + B 2 + ||5'„(l)|| 9 .w,(0,oo)/||l|L-,v,(0,oo> where 

Bx : = 


\ rlp - / \ 1/r 
[u] q {t)w{t) dt) [u] q {x)V r p {x)w{x) dx ) , 


B 2 : 


w: /p (x ) 


sup u(j)V 1/p (r) 

0 <T<X 


w(x) dx 


l/r 


Proof It is easy to see that inequality (1.1) holds if and only if 

(3-2) \\S«r(f)\\ q ip,»,<f>,co) < ^H/lli.v.to.oo), / 6 

holds. By Theorem 2.2, (3.2) holds iff both 


(3.3) 


1 UP 


h 


<c p I 


q/p,w,(0.oo ) 


ll,V,(0,oo), 


h e air 


□ 


and 

(3.4) ll5'«(l)ll?,w,(0,oo) ^ c||l||.!, v ,(0,oo) 

hold. In order to complete the proof, it remains to apply Theorem 3.2. 

Using change of variables x - 1 /?, we can easily obtain the following ’’dual” statement. 

Theorem 3.4. Let 0 < p, q < oo and let u e AV(0, oo) n C(0, oo). Assume that v, w e AV(0, oo) be such 
that 0 < V(x) < oo and 0 < W{x) < oo far cdl x > 0. Then (1.3) is satisfied with the best constant c if and 
only if: 

(i) p < q, and in this case c « A\ + ||S*(1)|| 9iW ,, ( o, 0 o)/||1|Lv,v,(o,oo> where 

/ r°° \ l,q 

Ai := sup [m] 9 (y)1T(y) + [u] q (t)w(t)dt) V; 1/p (x); 

x>0 V Jx ' 


(ii) q < p, and in this case c ~ B { + B 2 + l|5 , *(I)|| ?!Wi( o,oo)/||l|| i ,v,(0,oo> where 
By : = 


•oo . />oo 


[u\ q (t)w(t)dt] [u] q (x)V/ lp (x)w(x)dx\ , 


B 2 : 


W rlp (x) 


sup u(t)VJ Ip (t) 

L X<T<00 


w{x) dx 


\/r 
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Proof. It is easy to see that inequality (1.3) is satisfied with the best constant c if and only if 
(3.5) l|S s /IU( 0 ,oo) < c ||/|| M(0 ,oo), / g W 1 

holds, where 

W) = w(t) = w(y)^, v(t) = t > 0. 

Using Theorem 3.3, and then applying substitution of variables mentioned above three times, we get the 
statement. □ 

Theorem 3.5. Let 0 < p, q < oo and let u e AV( 0, oo) n C(0, oo). Assume that v, w e oo) be such 
that 0 < V*(y) < oo and 0 < Wfix) < co for all x > 0. Then (1.2) is satisfied with the best constant c if 
and only if: 

(i) p < q, and in this case c ~ A { + ||S„(1)|| ? ,h’,(0,oo)/||1|| / ,,v.(0.oo> where 


A] := sup 


x>0 


sup 


U(T)P 


0 <T<X 


<* K(r ) 2 


9/P 


Wfix) + 


jr 


sup 

L 0 <T<t 


u{rY 

K(t ) 2 


9/p 


1/9 


w(t)dt\ [v t ] l/p ( X y, 


(ii) 0 < q < p < oo, and in this case c ~ A 2 + ||S u (l)|| 9>W) (o,o 


B i : 

b 2 - 


o ' Jo 


sup 


u(T) p 


0 <T<t 


< t K(T ) 2 


9/P 


r/p 


w(t) dt) [V t r lp (x) 


W r J p {x) 


sup 

0 <T<X 


sup 


u(T) p 


0 <T<t 


<t K(r) 2 


V*(t) 


r/p 


P ,v,( 0 .oo), where 

u(t) p Y Ip 
SU P 77777 

0<T<X K(T) . 

Jr 


w{x) dx 


Jr 


w{x) dx 


Proof It is easy to see that inequality (1.2) holds if and only if 

(3.6) 11-5 u p(f)\\qlp,w,(0,oo) < cl/||l, v ,(0,oo), / 6 2R T 

holds. By Theorem 2.5 applied to the operator S u p, inequality (3.6) is satisfied with the best constant c if 
and only if both 


' uP/V; 


h 


q/p,w,( 0,oo) 


^ c||/i||i,i/v„(o,oo), h e 91/ 


and 


□ 


l|5 h(1)II ? ,w,(0,oo) ^ F||l||p, v ,(0.oo) 

hold. It remains to apply Theorem 3.2. 

The following ’’dual” statement holds true. 

Theorem 3.6. Let 0 < p, q < oo and let u E TV(0, oo) n C(0, oo). Assume that v, w € Ti/O, oo) be such 
that 0 < V(x) < oo and 0 < 1T(a) < oo for all x > 0. Then (1.4) is satisfied with the best constant c if and 
only if: 

(i) p < q, and in this case c ~ A { + ||5*(l)|| 9jW>(0 ,oo)/l|l||p,v,(0.oo), where 

u(t) p ^ /p 


A i := sup 


sup 


V(r) 2 J 


W(x) + 


X 


Ll(T) P pi? J/9 

SU P 777 — w(i)dt) V 1/p (x)\ 

t<T< OO 


U(r) 2 J 


X>0 ' X<T<00 

(ii) q < p, and in this case c ~ B { + B 2 + ||5*(l)|| 9jVVi ( 0 ,oo)/||l|| j ,,v,(0.oo> where 


B , : = 

B 2 : = 


-OO , r* 00 


Mr)" 

Siw 


9/P 


w(t)dtj ,P V~ rlp (x ) 


W r/P (x) 


sup 

X<T<00 L t<T<OQ 


U{T) P 


SUP V(r ) 2 


V(T) 


y/p 


U{T) P 

SHvw 

Jr 


9/P JJ 

w{x)dx\ , 


w{x) dx 
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Proof. Obviously, (1.4) is satisfied with the best constant c if and only if 

\\S itf\\q,w,(0,°°) ^ C II/IIm(0,°o)> / 6 

holds, where 

u(t) = w{t) = v(t) = t > 0. 

Using Theorem 3.5, and then applying substitution of variables mentioned above three times, we get the 
statement. □ 


4. Iterated inequalities with supremal operators 


In this section we characterize inequalities (1.5) and (1.7). 

The following theorem is true. 

Theorem 4.1. Let l<p<co, 0<q<oo and let u e TV( 0, oo) n C(0, oo). Assume that v, w e TV(0, oo) 
be such that 


0 < 


Recall that 


I v 1 p (t) dt < oo and 0 < W*(x) < oo for all x > 0. 
Jo 

i/(p'+i) 


0[v;/?](x) = v l ~ p \t)dt 


x > 0. 


Denote by 

®i(y) := sup m(t)0 2 [v; p](r), x > 0. 

0<T<Jt 

Then (1.5) is satisfied with the best constant c if and only if: 

(i) p < q, and in this case c * A\ + ||5' M o2 [v; p ] (l)|| 9>w , ( o, 0 o ) /l|l||p^ [ v ; p ]>( o > oo), where 

/ C x \ 1,g 

A l :=suv[mr(x)Wfx)+ 0[v; P r l,p (x)- 


x>0 


(ii) q < p, and in this case c ~ B { + B 2 + IIS m ® 2 [v;jP] (1)|1111 U,^[v;/»],( 0 ,oo), where 
B x : = 


CXD r\X 


mr(t)w(t)dt) IP mr(xmv; P r rlp (x)w(x)dx] 1/r , 


B 


2 ■ 


0 ' JO 

w: /p (x ) 


sup 0i(r)0[v; p] 

L 0<T<JC 


w(x) dx 


X/r 


Proof By Theorem 2.6 applied to the operator S u , inequality (1.5) with the best constant c holds if and 
only if the inequality 

(4.1) ll x »W/)IL (0 .„) S CII/IU « v;p] , (M , / € 

holds. Moreover, c ~ C. Now the statement follows by Theorem 3.3. □ 

Theorem 4.2. Let 0 < q < oo and let u e AV(0, oo) n C(0, oo). Assume that v, w e TT^O, oo) be such that 
0 < V(x) < oo and 0 < Wfx) < oofor all x > 0. Denote by 

Vx(x) := sup w(t)V 2 (t), x > 0. 

0<T<X 


Then 

(4.2) 


S u 


h 


< c\ 


q,w,( 0,oo) 


is satisfied with the best constant c if and only if: 

(i) p < q, and in this case c ~ Ax + ||5 , H y2(l)|| 9;VVj ( 0>[ 


p.v. 


h,v-‘,(0,oo) 5 


( 0 ,oo), where 


/ r°° r x J/i 

Ax := sup [yi] 9 (v) w(t)dt+ [Vxf{t)w(t)dt) V~ l/p (x); 

*>0 ' Jx JO ' 
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(ii) q < p, and in this case c ~ B { + B 2 + ll*S , „y 2 (l)||^ H , i( o,oo)/l|l||p,v,( 0 ,oo> where 

t \ r /P \1 h 

[V { f{t)w(t)dt\ [ V l ] c \x)V~ rlp (x)w(x)dx J , 


B i : = 
B 2 : = 


0 v DO 

>oo , /^»CO 


w(t) dt 


rip 


sup[Vi](r)V 1 /p (r) 

0<T<X 


w(x)dx 


l/r 


Proof. By Theorem 2.7 applied to the operator S u , inequality (4.2) with the best constant C 51 holds if and 
only if the inequality 


(4.3) 


ll^colL 


< C 


, / 6 W l 


ll^,w,(0,oo)-ii!.v,(0.oo) 

holds. Moreover, c ~ C. Now the statement follows by Theorem 3.3. 
The following ’’dual” statements also hold true. 


□ 


Theorem 4.3. Let l < p < 00 , 0 < q < 00 and let u £ TV(0, 00 ) n C(0, 00 ). Assume that v, w £ TV(0, 00 ) 
be such that 


0 < 


Recall that 


X oo 

v l ~ p it) dt < 00 and 0 < W(x) < 00 for all x > 0. 

U/O'+l) 


a 00 , \’ 

v 1 "* ( 0 *) 


x > 0 . 


Denote by 

'Ti(x) := sup m(t) v P 2 [v; p](r), x > 0. 

X<T<00 

Then (1.7) is satisfied with the best constant c if and only if: 

(i) p < q, and in this case c ~ Ai + ||S„ T 2 [v;p] (l)|| 9 ;H , i( o,oo)/||l||p^[v;p],( 0 ,oo), where 

dig 


/ r°° \ !/■? 

A i: =sup WWWW+ [W(fMr)* ^[v; pr ^O); 

x>0 ' Ja ' 


(ii) q < p, and in this case c ~ B { + B 2 + || 5 „^ 2 [v; p ] (l)|| 9 jW>( 0 >oo) /||l||p^ [v; p ])(0)OO ), where 
By : = 


IOO . /sOO 


11 [ v T 1 ] ? (a)T / [v; p]~ r/p (x)w(x) dx) ' , 


B 


2 • 


w{x) dx 


W r/P (x) sup x T 1 (t) x P[v; pY 1 Ip (t) 

J 0 X<T<00 

Proof. Obviously, (1.7) is satisfied with the best constant c if and only if 


1 P 


Su 


h 


<c I 


q,w,( 0,oo) 


11p,v,(0,oo) r 


holds, where 


1 \ 1 


hit) = u - , vv (0 = wl - -r, v(f) = v - -r, t > 0 . 


tit 


h e aur 


1 \ 1 


tit 2 ’ 


Using Theorem 4.1, and then applying substitution of variables mentioned above three times, we get the 
statement. □ 

Theorem 4.4. Let 0 < q < 00 and let u £ *W( 0, 00 ) n C(0, 00 ). Assume that v, w £ AV(0, 00 ) be such that 
0 < U*(v) < 00 and 0 < VU(a) < 00 for all x > 0. Denote by 

Vfx) := sup m(t)V 2 (t), x>0. 


Then 

(4.4) 


q,w,( 0,oo) 


^ c ll^lll,y- 1 ,(0,oo)» 
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is satisfied with the best constant c if and only if: 

(i) p < q, and in this case c * A x + 1(1) | | 9>w>(0>oo) /11111 p,v,( 0 ,oo> where 

/ r x \i/? 

Ax := sup [[Vinx)W t (x) + [v;nt)w(t)dt) v~ l/p (xy, 

x>0 ' Jo ' 

(ii) q < p, and in this case c « B { +B 2 + ||-S*yj(1)|| ff , w>(0 , oo) / 


p,v 


i,( 0 ,oo> where 


B , 


B 2 : 


3 \r/p \1 lr 

[Vil \t)w{t)dt\ [V* i nx)V; r/p (x)w(x)dx] , 


w: ip ( X ) 


sup [v;mv- ]lp {T) 

X<T<00 


w(x) dx 


Mr 


Proof By change of variables x = l/t, it is easy to see that inequality (4.4) holds if and only if 


(4.5) 

holds, where 




h 


q,w,( 0,oo) 


1 \ 1 


^ C Plll,iM,(0,oo)’ h G 


uit) = «(-), wit) = w\-J-, V(t) 


!A^? dy ’ 


t > 0. 


Applying Theorem 4.2, and then using substitution of variables mentioned above three times, we get the 
statement. □ 


5. Hardy-operator involving suprema - T ub 
In this section we give complete characterization of inequality (1.12). 

5.1. The case 1 < p < oo. The following theorem is true. 

Theorem 5.1. Let 0 <q<oo, l<p<oo and letu e AV(0, oo)nC(0, oo). Assume thatb, v, w e TV(0, oo) 
be such that 

0 < B(t) < oo, 0 < V{x) < oo and 0 < Wfr) < oofor all x > 0. 

Then inequality (1.12) is satisfied with the best constant c if and only if: 

(i) 1 < p < q, and in this case c ~ A\ + A 2 , where 


A i : = sup 

x>0 

A 2 : = sup 


u(t) 
sup "STT 

X<T<00 B\T) 


W{x) + 


sup 


u{t) 


W(x) + 


J X 

f 

X 


u{t) 


SU P m ^ 

t<T<00 B\J) 


w{t) dt 


Mq 



B (y)\ p ' ,, , \ 1/p ' 

W)l v(y)dy > ’ 


u(t) 

sup 

X t<T <OO V yT) 


X>0 ^ X<T<00 V\t) 

(ii) 1 = p < q, and in this case c « A\ + A 2 , where 


w(t)d?j lq ( f y p '(y)v(y)Jy) 


i Ip' 


Ai : = sup 


sup 


*>0 ' L x<T <oo 


A 2 : = sup 


sup 


u{t) 

B{t) 

u{t) 


W(jc) + 


I 


M(r)1« 

sup —■— 

X t<T< OO Bij) 


Mq, 


w(t) dt ) ( sup 

Vo < y < xV ( y )/ 


W(x) + 


I 


u(t) 

. SU P vfif) 

X t<T<00 V V T ) 


X>0 V 'Lj I[: < T <oo V 2 (t) 

(iii) 1 < p and q < p, and in this case c ~ B[ + B 2 + B 3 + B 4 , where 


\i lq 

w{t)dt\ y(v); 


B i : = 
B 2 : = 
B 3 : = 


u(t) 

SU P 

t<r <oo tsyT) 


W r/P (x) 


sup 

<T< 

sup 


sup 


w(t) dt 
uiy) 


r/p 


u(t)V 

SU P ~pT~\ 

X<T<OQ &\T) 



B(y) \P' V/P' 

v(y) dyj w{x) dx 


Mr 


X<T<oo L T<y<o o B(y) 
U{T) V 

t<T<00 V 2 (t) 



l \r/p 

w{t) dt\ 


B (y)\ p , w , 

yoo) v( y )dy ) 

u(t) V 


\Mp'y vl/r 

w{x) dx 


x<r< P oo y 2 (r) 


, \r/p' A/r 

V p (y)v(y) dy ) w{x)dx\ 
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B 4 : 


W r/p (x ) 


sup 

X<T< OO 


u(y) 
SU P 77^, 

T<y <oo V (j)J 


(y)v(y)dyj 


l/r 

w(x) dx I . 


(iv) q < 1 = p, and in this case c ~ B\ + B 2 + B 3 + B 4 , where 


B i : = 
B 2 : = 
B 3 : = 
B 4 : = 


•oo . /~*oo 


m(t) f 

sup W7 

t<T<oo &\J)1 


W r,p (x ) 


sup 


sup 


w(t) dt 
uiy) 


r/p 


sup 


w(r) 




sup 


B(y) 


X<T< OO B(T) J \ 1 0<y<j: V(y) 

B(y)w ' 1/r 


vl/r 

w(A)6m , 


sup 


oo , /~*oo 


- x<T<oo T<y<00 B(y) JV 0<y<Jt V(y) 
rip 


\ 

w{x)dx I , 


m(t) 


VT /P (jC) 


sup 


x<t<oo T<y< 


sup 


w(t) dt 
uiy) 


St VKr) 


u(t) Y 1 \ l,r 

V ' V r (x)w(x) dx\ , 


V\y ) 


V(x) 


\l/r 

w(x)dx\ . 


Proof. By Theorem 2.2, (1.12) holds iff both 


(5.1) 

and 

(5.2) 

hold. 

Note that 


u,b 


g,w,(0,oo) 


— c \\h\\p,vPv l -p,{0,°°)’ h G 9Ji + (0, oo). 


Wu 11 l^,w,(0,°°) — c||l||p !V ,(0,oo) 


u,b 


1 \( \ ^ 
h )(*) = sup — 

x<t <oo B(y) 


Id 


/i(y) Jy p(s) ds 


u{t) r 


SU P m . 

X<T<O0 B\D 


jr 


h{y)B{y)dy+ sup m(t) | h{s)ds 

X<T<0 O 




= 5 


u/B 


hB) + S: 


h). 


Hence, inequality (1.12) holds iff inequalities 


(5.3) 


1 u/B 


#,W,(0,°o) 


— cll^llp./j-PFPv'-p.fo.oo), h € 9Ji + (0, oo), 


(5-4) 


^,W,(0,Oo) 


— dMlp,v/’v 1 -*,(0,oo), 


and (5.2) hold. 

Again by Theorem 2.2, (5.4) with (5.2) is equivalent to 


h € 2 R + ( 0 , oo). 


(5.5) 


11 “S' u./ll< 7 ,w,( 0 ,oo) ^ C||/||p, v ,( 0 ,oo), 


/ e SDI A (0, oo). 


Now by Theorem 2.3, (5.5) is equivalent to 


(5.6) 


u/V 2 


q,w,( 0,oo) 


— dNI/7,V Py 1 


h € m + (o, oo). 


Consequently, (1.12) holds iff inequalities (5.3) and (5.6) hold. 

(i) p < q. By Theorem 3.1, (5.3) and (5.6) hold if and only if both A\ < oo and A 2 < oo hold, 
respectively. 

(ii) q < p. By Theorem 3.1, (5.3) and (5.6) hold if and only if B { < oo, i = 1,2,3,4 hold, respectively. 

□ 
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5.2. The case 0 < p < 1. We start with a simple observation. If 0 < p < 1 and t £ (0, oo), then 

(5.7) sup f(r)B(T)< f f(y)b(y') dy < ( f /£#. 

0<r<? Jo 'Jo ' 

Since / is non-increasing, the first inequality in (5.7) is obvious. The second one follows, for instance, 
from the fact that (see, for instance, [5, Theorem 3.2], cf. also [ ]) 

r f( x )g( x ) dx 


sup 

/e®IL/+0 / 


f(x) p v(x ) dx 




g(v)J.v| f v(x)dx j j. 


Our first aim is to prove a reduction theorem for the operator T u b . We first note that, using the mono¬ 
tonicity of £ fb and interchanging the suprema, we get 


™ m ( t ) 

( T u , b g)(t ) = sup —— 

t<r<co n\T) 


f 


g(y)(?(y) Jy = sup ( sup 

t<T<oo ' T<JC<00 1J\X) 


g(y)b(y ) dy, t e (0, oo). 


As a consequence, we can safely assume that u(x)/B(x) is non-increasing on (0, oo), since otherwise we 
would just replace u(x)/B(x) by sup T < x<00 u(x)/B(x). 

Theorem 5.2. Let 0 < p < 1, 0 < q < oo. Assume that u £ AV(0, oo) n C(0, oo) and b, v, w £ TV(0, oo) 
be such that 0 < Bit) < oo for all x > 0. Then the following three statements are equivalent: 


(5.8) 

(5.9) 

(5.10) 


u(t) 
sup - 

0 ^ t<T< oo B(t) 


sup 

0 ^ t<T<00 


X T W \1 tq j r°° \l/p 

f(y)b(y) dyj w(t) dtj < ^ J /(r) p v(r) dr) , f £ iDf 1 ; 

tu(r)\ p r \ q/p \ l/q / r°° \ l/p 

te) Jo f(y)B(y)P b ^ d y) w ^ dt ) ^(J o /Wv(t)Jt) ,/e^; 


sup 


m(0 

B(t) 


0 ' f<r<oo 0\T) 0<y<T 


i/« 


sup f(y)B(y))w(t)dt) < /(r^v^dr , / e 9^. 


i/p 


Proof. Again, in view of (5.7), the implications (5.9) => (5.8) => (5.10) are obvious, and it just remains 
to show that (5.10) implies (5.9). 

Suppose, thus, that (5.10) holds. Since u(x)/B(x) is non-increasing, we have 


u(t) 

B(t) 


sup 

t<T< oo oyT) 0 <y<T 


u{t) 


u{t) 


sup f(y)B(y ) = max sup —— sup f(y)B(y), sup —— sup f(y)B(y) 


t<T<00 B(r) t<y<r 


t<T< OO bit) 

0 <y<t 

max (^777 sup f(y)B(y), sup f(y)B(y) sup ^ 

\D\t) 0<v<? t<y< oo y<r<oo XS(T) 


max 


su p f(y) B (y)> su p 

'o(i) 0<v<l t<v< oo ) 


0 <y<t t<y< oo 

Hence, (5.10) breaks down into the following two inequalities: 

q m{t)\ q \ llq 


(5.11) 


(5.12) 


sup 

0 ' 0 <y<t 


\ q tu(t)\ q \ l/q t r°° \ l/p 

f(y)B(y) ) vKO(^) dtj < ( m p v(T) dr J ,f£ 

\<1 


/0 x t<y< oo 

Obviously, (5.11) and (5.12) are equivalent to 


\i J tq / r°° A/p 

sup f(y)u(y))w(t)dt\ < /(r) p v(r)Jr) ,/el l . 

<v<oo ' ' ' Jn / 


(5.13) 

(5.14) 


sup f(y)B(y) p J w(t) 

0 ' 0<y<t 


0 ' t<y< 


U(t) \ q \ p,q f°° 

df) < J o /(r)v(r) dr, f£m l , 

\q/p \p/q r°° 

sup f(y)u(y) p \ w(t)dt\ < I /(r)v(r)dr, / 6 SDl 1 . 

<y<oo / / Jo 
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(i) Let p < q. By Theorem 3.3, (5.13) holds iff both 


(5.15) 
and 

(5.16) 


sup 

x>0 v Jo 


u(t) q w(t) dt + B(x) q 


/-*oo 

uit) 

1 



I J/q 

w(t)dt\ V 1 !p {x) < oo 


\i lq / r°° J/p 

u(t) q w{t) dtj < ^ I v(r) dxj 


hold. 

By Theorem 3.6, (5.14) holds iff both 


sup 


sup 


x>0 'L x<y<o 


u(yY 
V 2 (y) 


q/p r x 


£ w(t)dt + £ 


u(y) p 

SU P TnTl 

x l t< y< oo V-(y) 


q/p J/q 

w{t) dtj V llp (x) 


(5.17) 
and 

(5.18) 

J () ^ t<T< oo 

hold. 

On the other hand, by Theorem 5.1, (5.9) holds iff inequalities 

B{t) 


< oo 


/ \q/p \i lq / r°° J/p 

sup u{t) p \ wit) dtj <1 I v(r)<ir) 

V t<T< 0 O ' ' V Jo ' 


(5.19) 

(5.20) 


sup 

X>0 


sup | 

x>0 


u(T) p 


(\ u i x ) 

8_ 

+ 

uit) 

UB(a)J 

Jo Jx 

IBit) 


\ l/q B(t) 

w(,)d 'l 0<lT^7) 


< oo 


iqlp r x 


x<r<oo V 2 (T)J 


r wit) dt + f 

Jo Jx 


U(T) P 

Sup Wo 

x t<r<oo v 


q/p .1 /q 

w{t) dtj V 1/P (x)< 


hold. 

We will thus be done if we can show that (5.15) together with (5.17) imply (5.19). The latter can 
proved as follows: 

Since 

B(x) 


sup 

x>0 


lx L B(t) 
it remains to show that 
u{x) 


SU P m ^ 

x>o B(x) 


u{t)T . . .\ l/q B(t) 

w(t)dt) sup—— = sup 

/ 0<r<x V { ' P iT) x>0 

B(t) 


u(t) 


Bit) 


wit) dt 


V 1/p ix)’ 


i lq 

wit) dt I sup 


< 


0<t<x V l ' P iT) 

uix) 


S “?V./, W VJ 0 


.,, ft '.11 
wit) dt + sup 


x>o V l / p ix)\J x L Bit) 




Interchanging the suprema, using the monotonicity of u/B, we get that 


uix) 

SU P 

x>o Bix) 


J/q 

wit) dt\ 

/ i 


Bij) 

ELv&w 


Bir) uix) 

Bir) ( uix) 
sup 


wit) dt 


< sup 

r>0 

< sup 


r>0 V'/P(T)\ T ^Bix))\J 0 

uij) 


i lq 


\ 1/q Bir) 

wit) dtj + sup 


sup 


uix) 


r>0 V^>(T) r < x L B(x)\J t 


wit) dt 


i lq 


r>o WKt) 
u(t) 


= sup 


J> V^ir)\J 0 


l,q Bir) 

w(t l dt ) + SU P TTTTyifV' SU P 

r> 0 V '{T ) T<x< oo 

J' q Bir) 

wit) dt + sup 


r>0 Vl/ p iT)\ J T lBit) 


r L B(t) 
uit) l q 




\i lq 

wit) dtj . 
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(ii) Let q < p. By Theorem 3.3, (5.13) holds iff both 

f(I 

By Theorem 3.6, (5.14) holds iff inequalities 

s~*oo . o / \ n -t n I n 


u(t) q w(t) Jf j u(x) q V r/p (x)w(x ) dx < oo 
3/Pr B(t) Y J u (x)\ q 

o s z^W)\ w(x) \m dx 


< oo. 


J f*O0 . /-*oc 

0 ' Jx 


f ( f modi)' I sup 

Jo ' Jo ' ' X<TCOO 

On the other hand, by Theorem 5.1, (5.9) holds iff 

r°° / r°° r u(t) i« \ r/ pt 


uiyY 


w{t ) dt 

r/p 


sup ^|%^(y)vv(y)Jy 
- x<v<oo V 2 (y) 

r/p 


< OO, 


M(y)f \ r/ P 

sup — r — V(t) I w(x)dx< oo. 

. r<y<oo v (y)J / 


/"*00 . /">0 
Jo ' Jx 


J r^oo . /^*o 

0 ' Jjc 

nr 


r«(/) 

< ! \r/ p 

\ B(t) p 

r/p 

r u(x) 

l-5(f)J 

w(t) dt \ 

sup - 

0 <(<r no J 

w(x) 

L 5(a:) J 


! 

dx < 


oo. 


sup 777 — 

t<y<oo y Z (y ) 


w (0 dt 
u(y) p VlP 


r/p i 


m 


w(t ) dt 

r/p / 


sup 

X<T<00 

r/p 


u(t)]P\ B{t)P 


5(7) J LoX V(f) J 

M (v)P , 

sup V r,p (x)w(x)dx 

■ x<y<oo V (y) - 

r/p 


\ r /P 


sup 

' X<T<00 


Obviously, it remains to show that 


f(I 


w(0 Jn 


sup 

X<T<00 


w(t) dt 

-f 

U(T) V _ 

B(t) cf</<r V(t) 


w(x) dx < oo, 
< oo, 



w (0 dt 

B(t) p l\ r/ P 
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Hence, 
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□ 


Remark 5.3. Note that Theorem 5.2, namely the fact that (5.9) <=> (5.8) « (5.10), when b = 1, was 
proved in [ 15 ]. 

As a corollary we obtain that for all the three operators mentioned in (5.7), the corresponding weighted 
inequalities are equivalent. It is worth noticing that this is not so when p > 1. 

Corollary 5.4. Assume that 0 < p < 1, 0 < q < oo, and v, w e TV(0, oo). Let b be a weight on (0, oo) 
such that 0 < Bit) < oo for every t e (0, oo). Then the following three statements are equivalent: 


(5.21) 


/(t)J(t) dr) wit) dt j < | j /(r) p v(r) dr) , / e 9Jc i ; 
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(5.23) 
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sup /(t)5(t)| wit)dt) <( | /(t) p v(t)Jt) ,/e99i i . 

0 v 0<T<f 


1 Ip 


This fact was proved in [ , Theorem 2.1], when b = 1. Recently, in [ 6, Theorem 3.9], it was proved 

that (5.21) o (5.23) for more general Volterra operators with continuous Oinarov kernels in the case 
when 0 < q < p < 1. 

Proof. The proof immediately follows from Theorem 5.2 taking u = 1. □ 

By the way we have proved the following statement. 
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Theorem 5.5. Let 0<p<l, 0<q<oo. Assume that u e f W( 0, oo) n C(0, oo) and b, v, w e AV(0, oo) 
be such that 0 < V(t) < oo and 0 < B(t) < oo far all x > 0. Then inequality (1.12) is satisfied with the 
best constant c if and only if: 

(i) p < q, and in this case c ~ A\ + A 2 , where 


- sup 

x>0 


Ai : 

A 2 : = sup 


u(t)1* 

sup - 

X<T<00 BIt) 


sup 


jt>0 VL x<y<< 


u(y) p 

V 2 (y)J 


X X r*o 

w{t) dt + J 

i/p r x r° 

J w(t) dt + J 


sup 
t<T<00 B(t) 


u(t) V \ l/q 

w{t) dt ) sup 


Biy) 

V^iyf 

u(y) p V lp \ l,q 
sup -p— w(t)dt) V ilp (x); 

t<y< oo V (y) ) 


(ii) q < p, and in this case c ~ B { + B 2 + B 3 + B 4 , where 
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